Quantum Field Theory
Set 5

Exercise 1: Generator of rotations

Consider the Lagrangian of a massive vector field. Show that the Noether current associated to Lorentz transfor-
mation is
Ty = —F" (o Ap + 16054,) + ' (ny5Aa + 1306 4,) + (65:1:5 - 55%) L.

Consider the component J% and thus find the Noether charge associated to rotations. Show that
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Jk == 56”16/{]3(131‘ = €ijk /d?’f[: (HZ‘AJ‘ — Hm .’)SiajAm) .

The goal of this exercise is to compute the generator of rotations in terms of ladder operators.

Let us start by a not fully rigorous derivation, by guessing the structure of the result. We expect J; to be at most
quadratic in terms of ladder operators and in k;, % (why?). Also it must be Hermitian and it must transform as
a vector under rotation. This fixes the most general form of J; to:

Ji=L; +5;,

. (D . ‘ o top
Ly = zeijkB/dQE am (k) (kakj) al (k), Sy, = zeijkA/dQEai(k)a;(k).

As you can check, the orbital part L and the spin S commute between them: [Si, L;] = 0. Indeed they correspond
to two distincts parts of the transformation of the field A,. Thus the only thing to do is to fix the coefficients A
and B. Do this by requiring that the operator satisfies the expected SO(3) commutation rules

[Si, SJ] = ieiijk and [LZ, LJ] = ieijkLk.

Ezplicit computation: Substitute the expansion of I1;(z) and A;(z) in terms of a;(k) and a;(k)" and compute the
generator of rotations in terms of ladder operators.

Exercise 2: Rotations of a massive spin-1 state

In the last exercise you derived the spin operator. This is the only relevant part of the angular momentum for a
particle in the rest frame. A generic massive single particle spin-1 state in the rest frame can be written as:

|@) = a;al(0)]0) = @-a'(0)]0),

where «; are three coefficients. We want to consider the action of the spin operator on such a state. Then:

e Show that a;f obeys the right commutation rules of a vector with the spin:

[Si,al(0)] = ieijual,(0).

e Use the previous result to compute the action of S5 on |@). Then diagonalize S3 on the subspace spanned
by the states |@), i.e. solve the eigenvalue equation:

S3|da) = Mg | @) (no sum over a).

e Compute the action of S? = S;5; on a state |@).



Exercise 3: Boost of a polarization vector

Consider a massive vector field of momentum p* = (E, 0,0, p), with positive helicity, i.e. with e/ = %(0, 1,4,0).
Perform a boost along the y direction. Write the polarization vector after the boost and decompose it explicitly
in the basis of polarization vectors with definite helicity.

Hint: after the boost, perform a rotation to align the momentum with the z axis.

Exercise 4: Parity transformation properties of a particle-antiparticle system

Consider a scalar particle and antiparticle pair in their center of mass frame. Assume their total angular momentum
to be [. Hence this state can be written as

1B,) = / i f(7, P @b} (~7)[0).

Recalling the symmetry properties of a state with angular momentum I, i.e. f,(7, —p) = (—1)'f;(—p, p), and the
action of parity on scalars

Ptal(B)P = npat(—k), P (B)P = npbl (—F),

find the transformation properties of the state |®;) under P.
Consider now a generic state composed of a fermionic particle-antiparticle pair with angular momentum [ and
total spin S:

2
W) = 3 [ d - xs () A (700,

rit=1

where d (p,r) = dt (p, r’)e”/, r = 1,2 creates an antiparticle with spin +1/2, —1/2 respectively (not —1/2,1/2 as
it would be for df(p,r)). The action of parity is defined as

Pt (k,r)P = npbf (=K, 7),  Pldl(k,t)P = —npd' (=, 1),
and the wave functions satisfy
LB =p) = (D'A(=50),  xs(rt) = (1) xs(t,r).

Find the transformation properties of the state |¥; g) under P.



